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Abstract 

We study four dimensional systems of global, axion and local strings. By using 
the path integral formalism, we derive the dual formulation of these systems, where 
Goldstone bosons, axions and massive vector bosons are described by antisymmet- 
ric tensor fields, and strings appear as a source for these tensor fields. We show 
also how magnetic monopoles attached to local strings are described in the dual 
formulation. We conclude with some remarks. 
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1. Introduction 



We study a class of four dimensional field theories of a complex scalar field and 
other fields with a global or local abelian symmetry. These theories have global, 
axionic or local strings as solutions in the symmetry broken phase. We derive the 
dual formulation of these theories by using the path integral. The dual formu- 
lation has been extensively used to study the phase structure of these theories,' 11 

[2~7] 

and the dynamics of cosmic strings and superfluid vortices. However, the dual 
formulation of strings has been derived usually by using the field equations 141 or the 
canonical transformations, 151 making the whole situation somewhat unsatisfactory. 

On the other hand, the dual formulation of the theory of a complex scalar field 

rgi 

has been derived in the path integral when there is no vortex. Recently, in path 
integral formalism we have derived the dual formulation of three dimensional sys- 
tems of vortices to study the statistics of vortices in Chern-Simons Higgs systems! 91 
Here we extend the idea of Ref. [9] to get the dual formulation of four dimensional 
systems with cosmic strings. While there have been a large literature about the 
dual formulation, we feel our work is somewhat new and could be used to study 
quantum feature of the string dynamics. 

There are several advantages of the dual formulation of cosmic strings. As the 
interaction between strings and other fields is more explicit, one can understand 
the string evolution clearly. A string or superfluid vortex moving on a background 
charge density feels the so-called Magnus force. This Lorentz type force can be 
seen directly in the dual formulation. 16 ' 91 When the length scale of a string motion 
is lower than the string core size, one can obtain an effective action which describes 
the string dynamics and its interaction with low energy modes. 

The plan of this paper is as follows. In Sec. 2 we study the theory of a complex 
scalar field with a global abelian symmetry. In the dual formulation, a global 
string appears as the source of an antisymmetric tensor field, which represents the 
Goldstone boson. In Sec. 3, we study the dual formulation of a theory where global 
strings appear as axionic strings. As shown in Ref. [10] the electromagnetic charge 
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is not conserved in this theory without taking into account the chiral fermion zero 
modes on the string. In Sec. 4, we study the Maxwell Higgs theory where there are 
Nielsen-Olsen vortices, or local strings.' 111 We derive the dual formulation where 
the gauge field is integrated out and is not explicit. The antisymmetric fieldfi has 
a Higgslike coupling which leads to its mass term. Magnetic monopoles attached 
to local strings are described in the dual formulation. In Sec. 5, we conclude with 
some remarks. 



2. Global Strings 

We consider the theory of a complex scalar field <j) = fe l9 / V%, whose lagrangian 
is given by 

c = \{d,f?+ l -f\d,ef-u{f). (2.i) 

As the theory (1) is invariant under a global transformation, 9 — > 9 + constant, 
there are conserved current, 

U = f%°> (2-2) 

and global charge, 

Q = I d\-f 2 d 9. (2.3) 



The ground state of the energy functional for the systems we consider is chosen to 
be a broken phase because of either the potential or a background charge density. 
The low energy mode is then given by the Goldstone bosons or sound wave. 

To understand the quantum aspect, we use the generating functional 

Z =< F\e~ iHT \I >= J [fdf}[d9]^ F exp{i J d z xC}^! h (2.4) 

where [/] = Yl x f( x ) * s the Jacobian factor for the radial coordinate of the scalar 
field. The initial and final wave functions ^f,i give the necessary boundary con- 
ditions. 
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A given field configuration in the path integral could contain strings, around 
each of which the value of the 9 field changes by 2tt times an integer. We can in 
principle split the 9 field into two parts, 

9{t,r) = 9{t,r) +rj(t,r), (2.5) 

where 9 describes a given configuration of vortices and 77 represents singlevalued 
fluctuations around the vortex configuration. The energy density and the complex 
scalar field should be singlevalued, or equivalently 0^9 and e %e should be so. Each 
string is described by parameterized positions, q a {cr) or covariantly q% (r, a), where 
a a = (r, a) is the string world sheet coordinate. We choose a so that 9 increases 
by 2tc when one wraps the string in the direction of increasing a with the right 
hand. 

For a straight string along z axis, we know that (d x d y — d y d x )9 = 2ir5 2 (p). By 
covariantizing it, we get the antisymmetric tensor vortex current, 

K^(x) =e^ pa d p dj 

= 2tt W drdaffltf ~ «)*V - a)), (2 ' 6) 

a J 

where the dot and prime indicate the differentiation by r and a, respectively. K^ v 
is independent of reparameterizations of a a up to sign and satisfies the conservation 
law, d^K^ = 0. From Eq.(2.6), we can get 

dMr) =e ljk d 3 [ dh 
d 9(t,r) =e ljk d t jdh ^M, 
by using a time-independent Green function. By integrating Eq.(2.7), we get 

r 

e ie(t,r) = exp |^ J dg . ^ j ? ( 2 8 ) 

ro 

where V9 is given by Eq.(2.7) and r*o is a reference point. The exponent at the 
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right hand side of Eq.(2.8) is multivalued but the exponential is singlevalued. 
The measure for the 9 variable becomes 

[M\ = [d0\[dri] = [dq£][dr,], (2.9) 

which means that we sum over singlevalued fluctuations around a given configu- 
ration of strings and then sum over all possible string configurations. A typical 
string configuration would have the creation, annihilation, crossing, exchange of 
strings. The Jacobian factor from [dO] to [dq%] is complicated. The periodicity of 
the 9 variable affects only the quantizations of both global charge and vorticity, 
due to the gradient term (<9 M #) 2 in the lagrangian. 

In the generating functional Z, we can linearize the 9 kinetic term by intro- 
ducing an auxiliary vector field C M , 



exp* / d A x[\f{d»9) 2 ] 



r r r i l (2 - 10) 

= j[f- 4 dC^]expt J d 4 xl-^(C^ 2 + C^9 + C^rj\. 
As 7] is singlevalued, one can integrate over 77 in the standard way, leading to 



cxp 



d A xC»d^ 



S(d^). (2.11) 



Now we introduce the dual antisymmetric tensor field B^ v to satisfy 

J [dC»]8{d^)... = J [dC»][dB^]5(C» - l -e^°d v B pa )... (2.12) 

and the dots denote the rest of the integrand. There would be an infinite gauge 
volume which can be taken care of later, but there is no nontrivial Jacobian factor 
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as the change of variables is linear. By using the fact that 

e^P°{d^)d v B pa = K^B pv (2.13) 

up to a singlevalued total derivative, we can integrate over C^ 1 , resulting in the 
lagrangian, 

£d = \{d,ff - U(f) + ^pH^ p + \B» V K»\ (2.14) 

where H^ vp = d p B vp + d v B pp + d p B pv is the field strength of B^ v . Note that the 
kinetic term for B pv has the standard normalization, e.g., (doB^) 2 : /2. The dual 
lagrangian (2.14) is invariant under a local gauge symmetry, B^ v — > B^ v + c^A^ — 

The resulting path integral becomes 

Z = j [f^dfWdq^dB^Fe^'^mj. (2.15) 

One can now introduce the gauge fixing terms for B pv . The initial and final states 
should be rewritten in dual variables. The Goldstone boson is now described by 
B pv and strings appear as a source for B pv . 

The mass of vortices arises from the cloud of the /, B pv fields surrounding 
them. The variation of Bqi will lead to a Gauss's law, 

- dj (±H 0ij ) + K 0i = 0, (2.16) 

which would dictate the field cloud around vortices. When the string of vorticity 
n is lying on the z axis, the / field would vanish like / ~ p n as one approaches 
the string on the xy plane. This can be seen directly from the / equation in the 
original formulation, or from the / and B^ v equations in the dual formulation. The 
classical relation between the original fields and dual fields can be found from the 
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field equations from the lagrangians at each step of the transformations. They are 
related to each other by 

fd^O = X -e^ a E vpa . (2.17) 

Let us consider now the string dynamics briefly. In the original formulation, the 
string motion is determined by the field equations for /, 6. In the dual formulation, 
it seems that there is be an equation of motion for the string directly from the 
variation of qa(r,a). This is not the case as we will see now. From the dual 
lagrangian (2.14), we get for the variation of 5q£ 

6Cd = H\I dTdaH^ p (q a Mq': - %<ft)8<&. (2.18) 

Since f 2 8^,9 vanishes at the string, Eq.(2.17) implies that the above variation van- 
ishes. The field equation obtained from the variation of the string position is trivial. 
In the dual formulation, the string motion is again governed by the field equations 
of /, B^. This is consistent with the picture that the kinetic energy of vortices 
arises entirely from the field cloud around it and so the dynamics of vortices should 
be determined by the field surrounding them. 

This leads naturally to a question, whether there is an effective action in terms 
of string position which describes the string dynamics. We imagine the string 
dynamics whose energy scale is much lower than that of the string core scale or 
the mass of /. As the Goldstone boson is massless, we expects the effective action 
to describe both strings and Goldstone bosons. This assumption cannot be valid 
all the time as strings will annihilate each other. The effective action is usually 
given as the Nambu action for strings and the action for the antisymmetric tensor 
field, 12 ' 3 ' 41 



(2.19) 



S eff = / GpOaV 7 - 7 / 

+ J d 4 x{^H 2 up + B^K^}, 
where v is the asymptotic value of /, /iq is the bare string tension, and 7 a is the 
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determinant of the induced metric on the string, 



= d^d^' (2 ' 20) 

where v is the vacuum expectation value of /. The bare string mass per unit length 
fiQ comes from the string core region. A cutoff of scale is necessary to make 
the string self-energy finite. Note that the / field does not approach exponentially 
to its vacuum value at the spatial infinity. For a straight string lying along the z 
axis, one can see in the cylindrical coordinate (p,ip,z), 

/->«--^-2> (2-21) 

as p — > oo. Since there is no sharp transition between core and outside regions, 
the bare mass density and the necessary cutoff are not clearly defined. Hence, the 
effective action (2.19) probably describes the string dynamics in order of magnitude 
and needs an improvement. 

In addition the action should be modified when there is an background charge 
density. The reason is that there is a sound wave of speed v s rather than a Gold- 
stone mode at the low energy. There would be an effective action for sound wave 
and strings when strings move slower than the sound speed. In addition, there is a 
Magnus force on the string from the background charge. While these are intersting 
questions, it will not be pursued here. 
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3. Axionic Strings 



Let us now consider the case where the scalar field describes an axion field. 
To achieve this we need a fermion whose mass term is chirally generated by our 
complex scalar field and a gauge boson which is coupled to the fermion, so that 
the global abelian symmetry is broken by the anomaly. When the fermion is very 
massive, integration over fermionic field introduces an effective interaction between 
the gauge field and the phase of complex scalar field. For simplicity, we will consider 
the case where the gauge symmetry is abelian. ( The detail aspects of anomalies, 
chiral zero modes and bosonization ideas in the following discussion has appeared 
in Ref.flO]. We include the results in Ref.[10] to understand the dual formulation 
better.) The resulting interaction between axion and two photons is given by 



n 

C - U _ f ^PC J? T? /o 1 \ 

'-a'yy — 3271-2 r nv r po- \°- L ) 



This effective action is multivalued and not well defined at each string as 9 loses 
its meaning. 

The equivalent singlevalued lagrangian to consider is 

Ca = \{d,ff + \f(d,ef - U(f) - ±F%, + Z^9, (3.2) 

where the Chern-Simons current is 

z * = ^2^ PaA ^ P A a , (3.3) 

satisfying d^Z^ = ^^i^ vpa F^Fpu. The lagrangian (3.2) is not gauge invariant 
as Z^ is not. The current from the lagrangian (3.2) is given by 

n _ SC A 

0A » (3.4) 



87T 2 V P ° ' 87T 2 
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which is not conserved, 



« = ~^K^F, V . (3.5) 



When the string lies along the z axis, K 0z = 2irS 2 (p) and d^O = 1 in the cylindrical 
coordinate. The current (2.4) becomes 



jP = F Qz 

A (3.6) 

r A = --A Q 5\ P ). 



For a uniform electric field along z, there is a radial current moving to the string. 

It turns out there is an additional degree of freedom to solve this puzzle of 
gauge noninvariance. A chiral fermion zero mode lies along a string, leading to an 
current, J x , such that the total current, + J x , is conserved. The effect of this 
chiral fermion zero mode can be seen more directly by the bosonization! 101 With 
the string metric 7°^ and the antisymmetric tensor field e a/3 , the lagrangian for 
the chiral boson x(°' a ) 011 a string is given by 



2 2y/ir 2^/71 ^ ^ 



where the gauge field is evaluated at the string. The chiral lagrangian is not 
invariant under the gauge transformation, 5x = 2^/~nk and SA a = d a A. (While 
it is trivial to introduce the world sheet metric on the string, let us use here the 
Cartesian coordinate.) 

Let us put the string on the z axis, and define the light cone variables on the 
string, = -^(t ± z) with — g |_ = e_| = — e H = I. The field equations 
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from Eq.(3.7) with t — r, z — a, imply that A a can be chosen to be zero and that 

d-X ~ t^t^- = 0, (3.8) 

where A± = (A t ± A z )/y/2. The electric current due to the chiral bosons becomes 

J+-±A 
x ~ 4tt ' 

1 i (3-9) 



J t = -sa d+x+ *; A+ > 



which is not conserved, 



d aJy = ^Z^daAp. (3.10) 



x 4^ 



For the axionic string lying along the z axis, the sum of currents from Eqs. 
(3.4) and (3.9) becomes 



J p = 


1 1 


47T 2 p 


J+ = 


o, 






J- = 


(- 1 



(3-11) 



which is conserved due to the field equation for x- Note that the current is chiral on 
the string. The combined action from Eqs. (3.2) and (3.7) is then gauge invariant, 
and so has the conserved electromagnetic current (3.11). 

Let us consider the dual formulation of this lagrangian. We take the similar 
steps as in Sec. 2. We first split into and rj, and introduce C M . Integrate over rj 
to get 

J [drj\ exp[t J d A x{C^ + Z^dtf] = 8{d^ + Z»)). (3.12) 
We again introduce B^ to solve the delta function, 

6(d^C» + Z»)) = J [dB^C + Z»- l - e ^d v B pa )... (3.13) 
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Integration over C M leads to the dual lagrangian, 

£ad = \{d»f? -U(f)- ±F% 



1 ~2 1 pu (3 ' 14) 

where H pvp = H^ vp — £pvpaZ° . Since the Chern-Simons current is not gauge 

invariant, the field strength H pvp is invariant under the electromagnetic gauge 
transformation 5A p = d p A only if the B pv field is also transformed as 



8B^ = g^AF^. (3.15) 



The dual lagrangian (3.14) is not invariant under this gauge transformation due to 
the last term. 

In general, there will be a chiral boson Xa, lagrangian multiplier \ aa and la- 
grangian C Xa for each string q a . When we add the dual action from Eq. (3.14) and 
these chiral actions, the total action is gauge invariant. The generating functional 
has become 

Z = f [r 3 dfdB^dqH}[d X ad\aa} expi^f d 4 xC AD + Y^f d 2 a a C Xa ^. (3.16) 
The conserved electromagnetic current in the dual formulation is given by 

a-W,** + 1 R 1 A ( u (3 ' 17) 

+ E J d 2 ("^^ + 2^(?a)). 

The relation between the original field and dual fields outside strings is given as 



fd»9 = l - e ^P°H vp<7 , (3.18) 



and Gauss's law from the variation of B{q becomes 

1 



-dj(j2 H 0ij) + ROi = °- ( 3 - 19 ) 
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4. Local Strings 



Let us now consider the dual formulation of the Maxwell Higgs systems. Some 
aspects have been studied in Ref. [12,13]. The lagrangian is 

^ M = ~ ~a^2 F %v + -^ VfK T F^F pa + A p J^ xt 

f 8 , (4-1) 

+ - 2 {d,f? + -f\d,6 + A,f-U{f). 

We assume that there are magnetic monopoles. The gauge field can be spilted into 
the monopole part A p and the single valued rest A p . The magnetic monopoles 
are described by the vector potential with a Dirac string or equivalently by the 
Wu-Yang construction. When / ^ 0, d{9 + A{ is gauge invariant and well de- 
fined. Suppose that there is no point around the monopole where / = 0. Then 
£ijkdj(dk@ + A-k) — B™ ™ without a Dirac string, which is impossible. There should 
be a line attached to the monopole along which / is zero and 6 changes by 2n when 
one goes around it. This exactly the cosmicOA string. In the broken phase, the 
magnetic field from a magnetic monopole is shielded by the Meissner effect, and is 
channeled by a local string. 

The Dirac string of d^O + A p becomes a real local string attached to the mag- 
netic monopole, 



e^d p {d a 9 + A a ) = KZn + -e^F™, (4-2) 



where the monopole field satisfies 

1 



2 



with m fJ '(x) = J2b^ n I dT-^ r 5 4i {x — s^) and the string current K^ on would be 
given by Eq.(2.6) with the end point of the internal parameter ao would describe 
the monopole, q% (r, <7q) = s«. This vortex current Kmo n is no longer conserved. By 
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applying d v to Eq.(4.2), we get d^Kmon = —m^. Here we consider monopoles of the 
minimum charge allowed by the Dirac quantization. For each magnetic monopole, 
there will be a attached string. The strings in the configuration space can be 
closed, half-open with a monopole attached at one side, or open with monopole 
and antimonopole attached at both ends. 

After some steps similar to those in Sec. 2, we get a lagrangian 



A = - U(f) - — 2 Ff, v + -e^°F pv F pa + A^ xt 



(4.4) 



where the string currents describes both open and closed strings and we dropped 
the interaction term between monopoles and external charge. In order to integrate 
over the singlevalued gauge field A p , we introduce an antisymmetric tensor field 



N pv so that 



S( F pv - {d»A v - d v A») - FJST) 



= J [dN^\ exp{* J d^-^N^F^ - (d^Av - d v A») - F™ on ] } 



(4.5) 



There is no nontrivial Jacobian factor. 
Integration over A p leads to 

\e^d v {N pa - B pa ) - = 0, (4.6) 

which is consistent only if d p J^ xt = 0. If has a dynamical origin so that it is 
not conserved identically, we cannot integrate over A p without getting multivalued 
N pa . With \^ v P a d p V p e f = J£ xt , we can express 

N pv = B pv + V pv + V™', (4.7) 

where V pv = d p V v — d v V p . A point external electric charge appears as a magnetic 
monopole in the V^ 1 field. When there is a unform background charge density, we 
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can choose the gauge so that V^f* = 2xJ® xt or Vg^ 1 = 2rJ® xt . We change variables 
from N^ v to V^, and then [dN^ v ] = [dV^]. 

Now we can integrate over F^ u and get the dual lagrangian, 

£md = \{d,ff - U(f) + ^El vp - A{l f x2e4) B% 

A 4 1 1 

8(1 + AV) ^V+ 2 ^M A + 2 e V J, 

where -B^j, = B^j, + V^j, + . Note that the dual lagrangian is invariant under 
the gauge transformation, 5B^ V = d^K v — d v K^ and 5V^ = — because of Eq. 
(4.2). One can see the above derivation is not affected even when the couplings 
e, A are depending on spacetime, for example, describing axionic domain walls. 
When there is no Higgs field, we can just drop /, from Eq.(4.8) and get a dual 
formulation of the Maxwell theory, where magnetic monopoles and electric charges 
have exchanged their role. The generating functional is now 

Z = J [f- 3 df][dB^][dq^][dV^ F exp^i J d A xC M D^I- (4.9) 

The massive vector boson is now described by B^ v . We could include a kinetic 
term for magnetic monopoles. 

Gauss's law from the variation of Bq{ is given by 

-dj(^H 0ij ) + YJ^Boi - 2{1 ^ X 2 e 4f jkB jk + \^Ff k on + K 0i = 0. (4.10) 

Gauss's law from the variation of Vq leads to 

e 2 ~ Ae 4 
TTaV^ 01 " 2(1 + A2e 4 ) e ^^' fc = °' (4U) 

which is a consequence of Eq.(4.10). The constraint (4.10) should be satisfied 
by the field configuration around strings and monopoles. The classical relation 
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between the original variables and dual variables are given by 




mon 



2(1 + A 2 e 4 ) e ' 




B pa - 



1 + A 2 e 4 AU " 



Ae 4 ^ 



(4.12) 



When there is a nonzero external background charge J^ xt , the lowest energy config- 
uration would be such that this external charge is shielded completely by the Higgs 
fields. In terms of the dual fields, there will be nonzero if 123 = f 2 (0 + Aq + Aq x1 ) = 



which would be given trivially by a simple generalization of Eq. (2.19). When 
there are magnetic monopoles, we have to think about the effective action for open 
strings with massive end points. When there are nonzero charge density, we have 
to think about the Magnus force and lowenergy modes. Again, there are various 
questions discussed before. 



We found the path integral derivation of the dual formulation for various theo- 
ries of abelian symmetry with strings. Goldstone bosons, axions and massive vec- 
tor bosons are described by antisymmetric tensor fields of rank two, while cosmic 
strings appear as the sources for these tensor fields. While the dual formulation 
has been extensively used before, our derivation puts the dual formulation in a 
better footing and we hope this leads to a better understanding of the string or 
vortex dynamics. In addition, we should note that it is trivial to generalize our 
dual formulation in curved spacetime and euclidean time. In euclidean time, there 
is a subtlety related to the boundary condition which fixes the conserved charge. 
(See the second paper of Ref.[8]) 




There are two mass scales rrif, itla when there is no background charge. When 
rrif >> rriA, we expect an effective action for strings and the massive vector bosons, 



5. Conclusion 
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However, there are many open questions arising as we have more precise formu- 
lation to start. What is an effective action which describes strings and low energy 
modes of a given theory? When there are nonzero unform background charge 
density, it is well known that there is a Magnus force on strings and the particle 
spectrum changes. In this case, what is the low energy effective action for strings, 
low energy modes and Magnus force in this case? Clearly this question is related 
to the vortex dynamics in superfluid. Finally, we have the dual formulation in the 
path integral and could study the quantum dynamics of vortices. 
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